This article investigates the existence of positive periodic solutions for a firstorder functional differential equations of the form
After integration from t to t + T, we obtain
where
Note that the denominator in G(t, s) is not zero since we have assumed that T 0 a(t) dt > 0. It is not difficult to check that any T-periodic function y(t) that satisfies (3) is also a T-periodic solution of (1) . Note further that 0 < N ≡ min 0≤s,t≤T
Now let X be the set of all real T-periodic continuous functions, endowed with the usual linear structure as well as the norm
Then X is a Banach space with cones
where σ = N/M. Define a mapping F :
Then it is easily seen that F is completely continuous on bounded subsets of Ω and for y ∈ Φ,
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That is, FΦ is contained in Ω.
Let I be a compact subset of (0, +∞). Then there exists a constant b I > 0 such that u < b I for all λ ∈ I and all possible T-periodic positive solutions u of (1) associated with λ.
Proof. Suppose to the contrary that there is a sequence {u n } of T-periodic positive solutions of (1) associated with {λ n } such that λ n ∈ I for all n and u n → +∞ as n → ∞. Since u n ∈ Ω, min 0≤t≤T u n (t) ≥ σ u n .
(12)
Thus, we have
This is a contradiction. The proof is complete.
Let (1) have a T-periodic positive solution y(t) associated with λ > 0. Then (1) also has a positive T-periodic solution associated with λ ∈ (0, λ).
Proof. In view of (3) and (15), we have
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Clearly, we have
If we now let y(t) = lim k→∞ y k (t), then y(t) satisfies (3). Clearly, we have
This completes our proof. Proof. Let
We have
Let y 0 (t) = β(t), Clearly, we have
The proof is complete.
Theorem 5. Suppose that (11) and (15) hold. Then there exists λ * > 0 such that (1) has at least one positive T-periodic solution for λ ∈ (0,λ * ] and does not have any T-periodic positive solutions for λ > λ * .
Proof. Suppose to the contrary that there is a sequence {u n } of T-periodic positive solutions of (1) associated with {λ n } such that lim n→∞ λ n = ∞. Then either we have u n j → +∞ as j → ∞ or there isM > 0 such that u n ≤M. Assume the former case holds. Note that u n ∈ Ω and thus min 0≤t≤T u n (t) ≥ σ u n .
By (11), we may choose R f > 0 and η 1 > 0 such that f (u) ≥ η 1 u when σu ≥ R f . On the other hand, there exist {t n } ⊂ [0,T] such that u n j (t n j ) = u n j and u n j (t n j ) = 0 by the periodicity of {u n j (t)}. In view of (1), we have a t n j u n j = a t n j u t n j = λ n j h t n j f u n j t n j − τ t n j ≥ λ n j η 1 σh t n j u n j
for all large j. That is, we have λ n j ≤ a(t n j )/(η 1 σh(t n j )). Note that a(t)/h(t) is bounded. Thus, we obtain a contradiction. Next, suppose that the latter case holds. In view of (15), there exists η 2 > 0 such that f (0) ≥ η 2M . Then as above, we will obtain a t n u n = a t n u t n = λ n h t n f u n t n − τ t n ≥ λ n η 2 h t n M ≥ λ n η 2 h t n u n (29) for all n. A contradiction will again be reached.
284 Bifurcation in functional differential equations Thus, there exists λ * > 0 such that (1) has at least one positive T-periodic solution for λ ∈ (0,λ * ) and no T-periodic positive solutions for λ > λ * .
Finally, we assert that (1) has at least one T-periodic positive solution for λ = λ * . Indeed, let {λ n } satisfy 0 < λ 1 < · · · < λ k < λ * and lim k→∞ λ k = λ * . Since u n (t) is T-periodic positive solution of (1) associated with λ n and Lemma 2 implies that the set {u n (t)} of solutions is uniformly bounded in Ω, the sequence {u n (t)} has a subsequence converging to u(t) ∈ Ω. We can now apply the Lebesgue convergence theorem to show that u(t) is a T-periodic positive solution of (1) associated with λ = λ * . The proof is complete. Example 6. Consider the equation
where a, h, and τ satisfy the same assumptions stated for (1) . In view of Theorem 5, there exists a λ * > 0 such that (30) has at least one T-periodic positive solution for λ ∈ (0,λ * ] and no T-periodic positive solution for λ > λ * .
Example 7. Consider the equation
where a, b, ε > 0. Note that the function f (x) = (x 2 + ε) satisfies (11) and (15) in Theorem 5. Therefore Theorem 5 may be applied. However, we may give a direct proof that, for λ > a/(2b √ ε), this equation cannot have any positive 2π-periodic solutions associated with λ. Indeed, assume to the contrary that y(t) is such a solution. Then y (ξ) = 0 for some ξ ∈ [0, 2π]. Hence −ay(ξ) + λby 2 (ξ) + λbε = 0.
However, since the discriminant of the quadratic equation
a contradiction is obtained. We remark that when ε = 0, our equation reduces to the well-known logistic equation.
Similarly, we can consider the equation
